In this paper we show that d-dimensional Gaussian spin glass models are strongly stochastically stable, fulfill the Ghirlanda-Guerra identities in distribution and the ultrametricity property.
and defines the equilibrium state
.
By considering the Hamiltonian per particle
the classical perturbed state is defined by
Since the perturbation amounts to a small change in the temperature
one has that, apart from isolated singularity points, in the thermodynamic limit
One may appreciate the content of the previous property by showing that it implies, for the CurieWeiss ferromagnetic model in zero magnetic field, the relation
Hence, although the magnetization itself may fail to concentrate due to a spin-flip symmetry breaking, the square of the magnetization does concentrate in the thermodynamic limit. The previous approach leads to the concept of Stochastic Stability when applied, suitably adapted, to the spin glass phase. Consider, for smooth bounded function f of n spin configurations, the quenched equilibrium state
Define the deformation as:
β,N = < f e −λhN > < e −λhN > .
We observe that the previous deformation is, unlike in the classical case, not a simple temperature shift. In fact:
< f > 
nevertheless, the system is still stable with respect to it in a sense that will be made precise in the following sections and is essentially captured by saying that apart from isolated singularity points, in the thermodynamic limit
Moreover the previous stability property implies (by use of the integration by parts techinque) that the following set of identities (Ghirlanda-Guerra), first derived in [15] , holds:
< f c 1,n+1 > β,N = 1 n < f > β,N < c > β,N + (13)
where the term c 1,n+1 is the overlap between a spin configuration of the set {1, 2, ..., n} and and external one that we enumerate as the (n + 1)-st, and c 1,j is the overlap between two generic spin configurations among the n's. The proof ideas can be easily summarized by the study of three quantities and their differences which encode the fluctuation properties of the spin glass system:
The result is obtained by two bounds for constants ǫ
N and ǫ (2) N vanishing in the N → ∞ limit: • bound on averaged thermal fluctuations
obtained by stochastic Stochastic Stability method (see [2] ) by showing that the addition of an independent term of order one to the Hamiltonian is equivalent to a small change in temperature of the entire system:
• bound on disorder fluctuations
which is the self averaging of internal energy and can be proved from self averaging of the free energy (with martingale methods or concentration of measures).
In the following sections we show how to use the previous ideas to obtain a stronger result, namely the validity of the previous properties in distribution for quenched probability measure of the Hamiltonian covariance. The paper is organised as follows: Section 2 introduces the basic definitions to construct the class of models which satisfies thermodynamic stability. Section 3 shows the identities which can be derived from such properties. Section 4 deals with the rate of convergence in the thermodynamic limit. Last section contains the discussion on the connection between those identities and the Parisi's ultrametric property.
Definitions and preliminary properties
The model we chose to work with is the most general spin glass in d-dimension and at the same time the closest to physical reality. Physical particles in fact, beside interacting in pairs have always higher order interactions, i.e. they interact in triples, quadruples etc. (see [25] ). Given a lattice in dimension d, for example Z d we consider, for each finite set Λ ⊂ Z d , an Hamiltonian of the form
where σ X = x∈X σ x and where all the random couplings J Λ,X are independent centered Gaussian random variables with E[J 2 Λ,X ] = ∆ 2 Λ,X for some nonnegative constants (∆ Λ,X ) X⊆Λ . The thermodynamical properties of the previous models are encoded within the quenched distribution of its normalized covariance
The condition for existence of the thermodynamic limit (in the sense of Fisher) called "thermodynamic stability" is:
see [10, 12] . In order to introduce the necessary language to illustrate our results we start by the following:
Lemma 2.1 Let c Λ and c ′ Λ be two normalised covariances of Gaussian spin glasses satisfying the condition of thermodynamic stability. Then the same condition is satisfied by the normalised covariance obtained through the operations below:
Proof: We first observe that the three considered operations define new covariances, in particular the last covariance is sometimes called the Schur product, Hadamard product or SchurHadamard product and is semidefinite positive by a lemma of Schur.
The conditions of thermodynamic stability for c Λ and c
and immediately imply that
The explicit inversion formula from the covariance to the Hamiltonian can be seen from Chapter 2 of [12] .
The previous lemma says that the set of the thermodynamically stable covariances is closed under the three operations defined.
By the previous lemma, starting from the Hamiltonian (22) we can always construct a thermodynamically stable Hamiltonian, that we call complete Hamiltonian, defined bȳ
where H
is the Hamiltonian (22) and each p-term in the sum has a normalized covariance c
and the family of parameters β = (β p ) p≥1 is such that β p > 0 for every p and fulfills the condition
A simple computation shows that the complete Hamiltonian has a covariancē
and is thermodynamically stable with constantc.
Consider n copies of the configuration space denoted by σ 1 , . . . , σ n and, for every bounded function f : (σ 1 , . . . , σ n ) → R, we call the random n-Gibbs state the following r.v.
where
is the random Gibbs measure. In the previous formula the dependence on the physical β is reabsorbed in the family of β p 's. We can define the quenched Gibbs state as
3 Identities (i) It is stochastically stable in the strong sense, i.e for every power p ∈ N and for almost every β p , the following hold
where for any number of replicas σ (1) , σ (2) , . . . , we denote by c j,k the quantity c Λ (σ (j) , σ (k) ), and where we assume that f is a continuous function of all the variables c j,k for 1 ≤ j < k ≤ n.
(ii) It fulfills the Ghirlanda-Guerra identities (GG for short) in distribution, i.e. the following identities are verified for every n ≥ 2 and every function f of (c j,k ) n j,k=1 as above, and every power p ∈ N and for almost every β p .
Moreover, letp
be the thermodynamical limit of the pressure.
Ifp(β) is differentiable in the β p "direction" at the point β p = a then (iii) It is pointwise stochastically stable in the strong sense, i.e for every power p ∈ N and in each point β p = a, (29) hold.
(iv) It fulfills the Ghirlanda-Guerra identities in distribution pointwise, i.e for every n ≥ 2 and for every power p ∈ N and in each point β p = a, (30) holds.
Remark 3.2 we notice that since the function p(β) is convex in each β p then it's almost everywhere differentiable and then we have that (iv) ⇒ (ii), but in the next sections we give an independent proof of (ii).
Proof of Theorem 3.1: We fix an arbitrary p ≥ 1 and to lighten the notation we put:
To prove the theorem we recall a general result due to Panchenko [21] . Consider a general Hamiltonian of the type
where x is a real parameter and the families (H(σ)) σ and (H ′ (σ)) σ are independent jointly Gaussian families of centered r.v.s. of the type (22) . Suppose that the Hamiltonian are thermodynamically stable in the sense of (24), that is there exists a global constant c such that
Consider, the following basic quantities:
Notice that existence of the limit in the last definition is ensured (see for example [12] ) by the conditions (31). We define Ω Λ,x ( ) and Λ,x in the same way as in (26) and (28) .
In the previous setting we have the following lemma:
the Hamiltonian density, then we have that for every
On other hand, if we assume that p(x) is differentiable at x = a, then
It is easy to check by a simple integration-by-parts and a uniform norm bound that the relations (33), (34), (35), (36) implies the propositions i), ii), iii), iv) of Theorem 3.1, respectively. We notice that the propositions i), ii) are in almost every sense then in this case the proof of previous implication requires some elementary facts in measure theory which are explained in Remark 4.4.
Proof of Lemma 3.3: The strategy of the proof is to control all terms by the following estimation, which is essentially contained in Chapter 12 of [28] .
Proof of Proposition 3.4, equation (38): the function p Λ (x) is convex. Thus for every b > 0 we have that
and then
On other hand,
b and then, after the same manipulations, we get
Combining the two previous inequalities we obtain the following bound
This bound give immediately (38), since
The bound (37) requires an extra work.
Proposition 3.5 Consider the quantity
Proof of Proposition 3.5: During this proof we define for sake of simplicity the quantity
then we have that, for every l, m
By Jensen's inequality and the previous equations we can obtain the first bound of the proposition, indeed
The second bound follow easily by Cauchy-Schwarz inequality, indeed
The last proposition can be used to obtain
Proof of Proposition 3.6: We observe that for
The identity
and then Proposition 3.5 implies that
We can use the Jensen inequality in the first term of the r.h.s of the previous relation to get
To conclude, we take the expectation and using again the Jensen inequality and the obvious relation
and the proof is complete.
Proof of Proposition 3.4, equation (37):
To obtain (37) we simply observe that by Jensen inequality
and then by Proposition 3.6 we get the desired result.
Now we are able to prove Lemma 3.3. Proof of Lemma 3.3: We start to prove the equations (33) and (35) which give the stochastic stability.
First, using the convexity of the function p Λ (x) we can prove easily that
It is easy to check that Ep Λ (x) is bounded for every x, Λ and then for every a, b, Λ we have that
. Then from (37), using Fubini's Theorem, we get the following bound: for every b,
Finally, we can use the lim b→0 lim sup ΛրZ d and the continuity of the function p(x) to get (33).
To prove (35), we use the hypothesis of differentiability of the function p(x) at the point x = a to get from (40) the following
and then we can bypass the intermediate integration to obtain from (37) the following bound: for every a, b
Finally, we can use the lim b→0 lim sup ΛրZ d and relation (41) to get (33).
Now, we are able to prove the equations (34) and (36) which give the GG-identities.
We already obtained the control of the quantity D, moreover a simple inspection shows that the quantity W Λ (a, b) is strictly related to the self-averaging of p Λ (x). Then it's easy to check (see for example [10] ) that the thermodynamic stability condition (31) ensures that there exists a finite quantity K(a, b, c) which does not depend on Λ, such that:
From (38) and (42), we can obtain as before the following bound: for every b,
where we have set
K(a, b, c)da to lighten the notation. Finally, we can use the lim b→0 lim sup ΛրZ d and the continuity of the function p(x) to get (34).
Like in the previous case, the hypothesis of differentiability allow us to bypass the intermediate integration and then, from (38), we have that, for every a, b
Finally, we can use the lim b→0 lim sup ΛրZ d and relation (41) to get (34).
Rate of convergence
We outline in this section a sharper version of a theorem that appears in [28] and prove it with more elementary methods for the benefit of the reader, following the approach developed in [2, 10] . As in Section 3, we consider
where H Λ and H ′ Λ are independent, and defined as in (2) . The main theorem in this section follows:
where c
(44)
Application: Distributional Stochastic Stability via Perturbations
The quantitative version of the Ghirlanda-Guerra identities follows from this. . . , σ (n) ), with maximum norm at most 1, we have the conditional expectation formula for one additional replica
, and the remainder satisfies the bound n |Rem| ≤ 8
where δ Λ is a small parameter δ Λ = 1/(|Λ|c Λ ).
Proof: Let us define
By the triangle inequality and Cauchy-Schwarz, and the fact that Φ (n) Λ ∞ ≤ 1, we know that | Rem| is bounded by
Using equations (43) and (44), this bound is at most c ′ Λ (x 1 + x 2 )/2 times the right hand side of (45). In other words, we have an upper bound on Rem which is at most c ′ Λ (x 1 + x 2 )/(2n) times the bound we claimed for Rem.
But Gaussian integration by parts implies that
See for example Lemma 4.5 for a similar calculation carried out in more detail. A special case of this formula, obtained by setting
If we combine these two formulas, this allows one to rewrite Rem. If we assume that c ′ Λ (σ, σ) is constant as a function of σ, meaning there is a constant diagonal covariance, then the k = 1 term of the first formula cancels with the c ′ Λ (σ, σ) in the second formula. Therefore, we get
Note that the measure x dx is 1 2 ·d(x 2 ), writing the Riemann-Stieltjes differential form d(
we also divide by an appropriate normalization 1 2 (x 1 + x 2 ) times c ′ Λ /n to get the bound for Rem from the bound on Rem, which gives the result.
As an application of this result, consider the following scenario. Suppose that for each Λ, there is a given Hamiltonian H * Λ with covariance
where we assume that c * Λ (σ, σ) = c * Λ for all σ, and we assume that c * = sup Λ c * Λ is finite, in order to satisfy thermodynamic stability.
By Lemma 2.1 we know that we may construct IID Gaussian centered Hamiltonians H (p) Λ (σ), for p = 1, 2, . . . , which are independent of H * Λ and such
For each ǫ > 0 and a real sequence x = (x 1 , x 2 , . . . ) we define the perturbed Hamiltonian
We denote by · · · Λ,x the quenched multi-replica equilibrium measure with respect to H ǫ Λ (σ; x). Then we may prove the following corollary. Λ for p = 1, 2, . . . and all Λ. Then for almost every choice of X we have stochastic stability in distribution: for each n, p ∈ {1, 2, . . . },
Proof: In order to prove this, for a given p, we merely split up the Hamiltonian:
and
With this definition, we have c 
That is why we required |Λ|ǫ 2 Λ → ∞, because this guarantees δ Λ → 0, as is needed.
Remark 4.4 Note that technically what we proved is that for any open interval for
we average the distributional stochastic stability equation over that interval, when integrated against the measure x dx, then we obtain zero in the limit. On the other hand, the quantity in question is
and this is bounded for every x by 2[c * Λ ] p . Then by standard arguments from measure theory, we may conclude that for almost every choice of x with respect to the measure dµ(x) = 2x dx = d(x 2 ), the quantity is also zero. But this measure is equivalent to Lebesgue measure in the sense that they are mutually absolutely continuous with respect to each other. So the notions of measure zero sets are the same.
This means that letting X p be random, then for almost every X p we have the stochastic stability formula for the pth power of the overlap. But, firstly, we note that we may rigorously take an infinite number of IID uniform random variables X = (X 1 , X 2 , . . . ) by Kolmogorov's principle, and secondly that the measure is precisely the product measure for all the X p 's. Therefore, knowing that for each X p we have the stochastic stability condition for almost every X p , by definition, this means we have the stochastic stability condition for all p for almost every X.
Proof of Theorem 4.1
In the proof of Theorem 4.1 we will condition on H Λ (σ) in order to eliminate the need to consider it as random. But we will do this implicitly. If desired, simply interpret all expectations as conditional expectations, conditioning on H Λ (σ).
The proof will be obtained by combining several lemmas. First, we note that by usual calculations as in elementary statistical mechanics,
as has been used already in Section 3. Moreover, by performing Gaussian integration by parts, we may deduce this:
Proof: Since Λ is finite, the derivative exists and we may write
by using (46). Recall the definition of Ω Λ,x as well as G Λ,x from equations (26), (27) and (28) . Then
Wick's rule gives
)). Using this and the fact that
, this gives the result.
Corollary 4.6 For any
Proof: This follows from (47) and a uniform bound using the definition c
With this, we can prove the first part of the theorem.
Proof of Theorem 4.1, part (a): Another statistical mechanics calculation following (46) is
So, integrating and taking expectations, we have
But by (47) and Corollary 4.6 this leads directly to (43).
In order to obtain the proof of Theorem 4.1, part (b), we will use concentration of measure. Our main goal will be to obtain a bound on the random fluctuations of the quantity Ω Λ,x (h
We start by quoting a result which was proved in [16] :
where recall that c ′ Λ was defined in the statement of Theorem 4.1, part (b). We now claim that the following result may be proved using this and previous results: Lemma 4.7 For any x, and for any ǫ > 0, we have
Proof: By (46) and Taylor's theorem
where we intechanged the order of integration and
For each z ∈ [−1, 1], let us define the random variable
which is nonnegative. Let us also define
Then we obtain
We may use equation (48) and the general subset bound, P(A ∪ B) ≤ P(A) + P(B), to obtain this:
We have a similar statement for the lower bound. Therefore, again by the subset bound,
Recall that h
] by definition. So, using the fact that for any integrable random variable X,
But now note that
which implies that
But since Z ǫ (z) is nonnegative, almost surely, this means that
Combining this bound with (51) gives the desired inequality (49).
With this, we can prove the remainder of the theorem.
Proof of Theorem 4.1, part (b): For any x 1 < x 2 , integrating (49) and dividing by the length of the interval we obtain
But, by the fundamental theorem of calculus, (47) and Corollary 4.6
Using this with (52) gives the result
Now we may optimize in ǫ > 0. We choose ǫ = √
to get the desired result, equation (44).
Conclusions and perspectives
A major new development in the subject of mean-field spin glasses is Panchenko's proof that strong stability implies ultrametricity. More precisely, Panchenko in [22] proved that if a random probability measure G in a Hilbert-space-valued inner-product satisfies the Ghirlanda-Guerra identities in the distributional sense, then this implies ultrametricity. Let show how to combine the results of the previous sections with the Panchenko's theorem.
A random measure G satisfies the Ghirlanda-Guerra identities in the distributional sense if for any n ≥ 2, any bounded measurable function f of the overlaps (c l,l ′ ) l,l ′ ≤n and any bounded measurable function ψ of one overlap, the following hold:
where Ω is the average with respect to G ⊗∞ . A random measure G is said to be ultrametric if the distribution of (c l,l ′ ) l,l ′ ≥1 satisfies
By Theorem 3.1, we can deduce that the asymptotic Gibbs measure of the model defined in (25) satisfies the condition (54) for every power of the covariance and, by the Stone-Weierstrass theorem, this suffices to ensure that the Ghirlanda-Guerra identities hold in the distributional sense. More precisely Theorem 3.1 has two consequences. The proposition (iv) implies that
The proposition (ii) implies that this equation is true for almost every choice of parameter β = (β p ) ∞ p=1 . In both case, we can identify the asymptotic Gibbs measure with a random probability measure in a Hilbert-space using the representation theorem of Dovbysh and Sudakov (see [3] or [23] ) and the measure is ultrametric by the Panchenko's result.
But it had been earlier known that the Ghirlanda-Guerra identities, when combined with ultrametricity, imply that the precise distribution of the overlaps is given by the general class of Derrida-Ruelle Poisson-Dirichlet random probability cascades. This result is know as BaffioniRosati theorem (see [6] and [28] for a more complete exposition). One of its consequence is that for an uncorrelated model (defined by having all the overlaps either q 0 < 1 or 1) the Ghirlanda-Guerra identities imply that it behaves as a single level Derrida-Ruelle cascade known as the PoissonDirichlet random partition function. See for example [26] . Therefore, to summarize, Panchenko and Baffioni-Rosati results and Theorem 3.1, implies that a general Hamiltonian (22) has an ultrametric Derrida Ruelle quenched equilibrium measure.
We have proved that all triangles of c-overlaps in a wide class of d-dimensional spin glass models must be isosceles or equilateral, as demanded by ultrametricity. This doesn't exclude the possibility of having only equilateral triangles, which is the trivial case for the overlap. We hope to return to study this question in the future. At present the issue on triviality is only studied numerically (see [29, 8] for a recent debate).
It has been observed that for models such as the Edwards-Anderson model, the genuine overlap q and the link overlap Q link = c Λ , are equivalent in the sense that the conditional quenched distribution of one given the other is actually non-random [13] . This has been numerically verified up to the computational limits in the citation and contradicts the interpretation of previous work [20, 17] . The results presented in this paper suggest the possibility to approach the replica equivalence conjecture by observing that not only are both q and Q l ultrametric, but actually so is any choice of a c matrix in the closed positive-cone algebra. This led to the idea of considering (1 − t)q + tQ l and its properties for every t ∈ [0, 1].
We finally mention that the ideas outlined within this work can be viewed as classical probability problem of the type called infinite divisibility. One may consider a general type of transformation: let T x Λ · · · Λ = · Λ,x . Then stochastic stability refers to stability under T x/|Λ| Λ in the limit |Λ| → ∞: which we may refer to as T x even though one must interpret this in terms of limits. This is invariance of the expectation, since · · · Λ is defined to be E[Ω Λ (·)]. But if one allows for a more general transformation, which shifts by higher-order interactions, then one can also conclude stochastic stability in distribution, not merely in expectation.
A fundamental concept in probability is invariance under random transformations. Stochastic stability should be viewed in that context. Infinite divisibility refers to the property of being in the range of a transformation such as T x for all x. The quenched state for spin glasses satisfies invariance, which is stochastic stability. But a more general question is to search for those distributions which satisfy infinite divisibility. This could be a line of further investigation, elsewhere.
In our paper we have tried to demonstrate the following point, which we feel bears repeating. Panchenko has showed that stochastic stability implies the ultrametric replica symmetry breaking scenario [22] (which does also include the possibility of trivial ultrametricity, where for any three replicas, the triangle formed by the intrinsic overlaps may be equilateral always).
Panchenko's proof uses a strong version of de Finetti's theorem. But this applies because of permutation invariance of the replicas, not the underlying model. Indeed as we have shown, stochastic stability and its implications even apply to the Edwards-Anderson model if it is perturbed by an arbitrarily small inclusion of higher order interactions. Stochastic stability is a general tool, which in principle may be applicable to any disordered model in statistical mechanics including short-ranged spin glasses. We mention that using the language of metastates [5, 19] stochastic stability has been approached in [4] where identities where proved everywhere in the parameters using periodic boundary conditions and averaging over translations. It remains open to show that their analogue of the link overlap coincides with the usual one which is what we used here. See also [7] for an alternative derivation of the stochastic stability identities.
It is finally worth to stress that the addition of the higher orders interactions introduced in (25) is done in order to obtain the identities in distribution and not only in mean. The nature of those higher orders terms appear to be formally similar to the p-spin interactions of the mean field case models. In particular their interaction structure doesn't decay with distance but it's a sum normalised with the volume. At the same time we notice that the core term is still a two point interaction made of nearest neighbouring sites and as such it retains the topological information of the lattice dimension. While, as we properly explained, we make no claim on the non-triviality issue of the models, we observe that the deformation method allows us to reach not only the identities in distribution for the deformed model, but also to extend them to the original model by sending the deformation parameter ǫ → 0 as specified by Corollary (4.3).
